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Une théorie formelle de la transformation
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est donnée. Les cas ou la fonction P, (x) satisfait une équation différen-
tielle lineéaire en x et ou les quantités v, satisfont une relation récurrente

linéaire en s, sont traités en détails. Des exemples numeériques sont
donnés.

A formal theory of the transformation

a)
where b)

1s given. The cases in which the function P, (xr) satisfies a linear diffe-
rential equation in x and in which the quantities v, satisfy a linear
recurrence relation in s are treated in detail. Numerical examples are
- given.

Gegeb’en ist eine formale ‘Theorie des Transformations :
wo B b)

Die Fialle, wo die Funktion ®,(x) eine lineare Differentialgleichung in x
erfiillt und wo die Quantititen v, eine lineare Rekurrenzbeziehung in s
erfillen, werden ausfithrlich abgehandelt. Numerische Beispiele sind
beigegeben.

* Communication MR 39 of the Computation Department of the Mathema-

tical Centre, Amsterdam®
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ABTOp pmaer GOPMAILHYIO TEOPUIO NpeOoOpaIKEHUS
a)
rue 6)

HeranbHo wuadyyarorca Te caydau ecau yHxkuusg Po () sIBASETCH pELUEHUEM

JMHEAHOTO AU hepeHIHaIbLHOIO YPAaBHEHHUS U €CJH Vs YAOBJETBOPSET BO3BPATHOIM
JUHEMHOH 3aBHCHMMOCTM B S. ABTOp [laeT YUCJEHHLIE NMPHUMEPHI.

1. Introduction.

1-1. This paper concerns itself with a method, having a wide
range of application, for improving the performance of series
which are numerically slowly convergent. A number of techniques
have been developed for this purpose (particularly powerful among

these being the use of the converging factor [1]) but most of these
assume that the terms u,(xr) of the series

S(xr) ~ Z un(-'rg (1-1-1)

n==() |
satisty a linear difference equation in n [2], or that the ratio
u, . (x)/u,(xr) may easily be developed as a Laurent series in n [3],
or that S(x) satisfies a linear differential equation [2]. |

The behaviour of most macroscopic physical phenomena may
be described by partial differential equations or systems of such
equations. The solution to any isuch equation in which interest is
being taken may often be developed as a series expansion, but
series of this type do not usually satisfy the requirements of the
techniques for improving convergence mentioned above. _

For the success of the method to be described however it 1s
merely necessary that the numerical behaviour of the terms in the
series to be computed should be similar, in a sense later to be
described, to that of those in a series whose sum is known and
whose behaviour may be easily be investigated.

Before proceeding to a description of the method it is stated
that the term slowly convergent, as it is used generally in Nume-
rical Analysis and as it will be undenstood here, 1s an euphemism
implying a variety of computational misfortunes, among these.

a) straightforward slow convergence as occurs for example
with the series

ab a(a-+1) b(b-++1)
e — " 2. (1-1-2)
cl'! c(c+1) 2!

when | x| is slightly less than unity;

gFl(a, b; C, x) = 1 —I'—
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b) straightforward divergence, as occurs with (1-1-2) when
x| >>1;

¢) excessive cancellation, as occurs for example with ascending
series of the form

with large argument;

d) delayed convergence, as occurs for example with the series

o= () raw T
Io(x)mi+(1!)94+(2!)9<4>+ (3 )3 4> —t115)

and X X2 3

exp(x) =1+ —— + 4 — 4 ... (1-1-6)
1! 2 3 !

with large argument.

e) Series which are asymptotically convergent and yileld a
limited, and often inadequate, amount of information about the
function with which they are associated. An example of such a

series 1S 1! 2 | 3 !

— ze*Ei(—z) ~ 1 — -
Z z2 z3

The method to be described meets with success 1n all these cases.

4o (1-1-7)

2. The Euler-Gudermann Transformation [4].

2-1. The transformation to be used is simply the following :

Theorem 1
If

(2-1-1)
then
(2-1-2)

Ore)(x) A*v, (2-1-3)
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If h is infinite and any of the series (2-1-1), (2-1-2) or (2-1-3)
diverges then the sign ~ is taken to indicate formal equivalence.
If h is finite the result is exact. A discussion of the circumstances
under which the series (2-1-3) converges and of the function ®(x)
which it then defines will be given in a later section.

An operational demonstration of the result (2-1-3) proceeds as
follows :

If _ Erv, = v, r=1,2, ...
and A=EKE —1
h

then }
Z C D28 Z Cc.3E2D,

s==() $=0

I

[

h
Z d(xE)v,

S=()

I
[
©
3
+
X
>
s

|
N
3

®s)(x) A*D, (2-1-4)

s =0 s !

This result includes the generalised Euler transformation

—_— S -
( — > AS v, (2-1-5)
| + X r

(2 pep, (2-1-6)

2-2. Delayed Application.

It is a matter of numerical experience that it is frequently
advantageous to delay the point of application of the Euler trans-
formation. This is also so in the case of the transformation (2-1-3).
Accordingly (2-1-3) is generalised to the form

m—1 h—m

I
Z Co Dy X5~ 2 Ce Ve 5 Z d® As v hsSm (2-2-1)

8§ ==0 8 ==0 s§=()
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where (%)
x"n"l‘s (I) ar
uy = = m (@) (2-2-2)

and

§=={)

(The result (2-1-3) thus corresponds to (2-2-1) with m = 0).

. (S ‘)
If the function uOS) s=20, 1, .. and Ufn) m=—=20, 1, ... have
been computed, a simple recursion system serves to provide the

further functions u(,f,, m,s—=—1, 2, ..

For
B () = Cpy + 2D 1 () (2-2-4)
accordingly
R (x) = xPy1 (2) + s Pagy () (2-2-5)
or
am+s ) (x)  amtsrt R (x) | amts ey (x)
- T T, T (2-2-6)
s ! s ! (s — 1) !
that is _
ul) = ugh + Wit (2-2-7)

For the purposes of display the following array (the ® — array)
may be constructed. It gives the various partial sums of (2-2-1)

which may be constructed when the quantities v, s =0, 1, .., m
are given.

0
(s
. _. Z w )Av
d | | | $z0 ¢ \
gu‘a\éx N (8).8 Euf' )Avo 2
Lo E E “. A, > u, by
zu s ' 5 s . (s) A3 sxg °  ©
e A Zuvx.l.zu Av .
5) $ $z0 5 95 $=0 4 A .
Zu Ve x + ?._..o _ Avl . )
PAAZ . : = & (),
wvxX+2uw Av.
. m-2 ) s 3:=0 53 $:0 W-1 W-2
>IN vx-i-z Av.

®

. ) 30 S $ $:=0 En" m -4
- gu,vx-i-z v
PN TRVE o
<@ * $
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2-3. General Forms.

It is a consequence of equation (2-2-7) and the relation

Asvm _ As““lvm+1 — AS““lvm (2"3"1)

that
Uit AT v 4 Ul AS D, = ulTY ATt vyt 4+ uly At D,
(2-3-2)

The quantities occurring in equation (2-3-2) may be placed in the
following lozenge

when equation (2-3-2) merely asserts that the sum of the quantities
occurring along the upper edges of the lozenge is equal to that
along the lower edges. Placing a number of such lozenges in conti-
guity the following diagram is arrived at

» | : - } .
Assuming that either u,, m=20, 1,... or Asv,, m =0, 1, ... are

consistently zero for s > s (so that all terms in the Euler-Gudermann
series vanish after s =s) then repeated application of the result
(2-3-2) shows that the sum of the terms encountered along any
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path from left to right in the above diagram is invariant with
respect to the path chosen. (This is of course a well known property
of all finite differénce formulae. In a later section transformations
will be developed in which ®,(x) is a factorial series and not a
power series. Relationship (2-3-2) still obtains, though its a priori
method of derivation is different.)

A number of different forms of the Euler-Gudermann transfor-
mation may be therefore be given, among them the Gauss-forward

form
m—I1
- (0 (1 (2 3
O (x) ~ Z Cs Vs X° + um) Din + ug"n) AUVn + um) A% vy + uf‘n)--i A3 Dt ...
g§=10U
2 A +-1 .
ul o AY D + UG AT D 4L (2-3-3)

the Gauss-backward form

m—1
- | (0) {). (2 (3
® (x) ~ Z Cs Vs X5 + Um Um + u'(m, A Um—a + um”——i A% Dyt um)-—-i A3 Up—2
s =0
PAN (2r+1 2r4-1
-+ ”E'n)—-r A*T Uy + umr—-r) An:ir-—-d T .. (2-3-4)

and the mean of these, the Stirling form :

3 2 2 1) ™
+ Ugn)—i P- 83 Um + *ee ; <ug’n?2r+‘l + Ll,gnr_,_)_,-> 321‘ v”] + U%tr P¢ 02?’—{-—1 v'nq’ + . e .

(2-3-95)

This latter form is of use when the quantities v, are one-signed and
reach a turning point when r = s. The odd order differences change
sign along a horizontal line through this point and the mean central
differences of odd order therefore tend to be relatively small along
this line, in this instance one may expect the numerical convergence
of the series (2-3-5) to be rapid. This idea has been applied to the
Euler transformation in [5].

92-4. Recursions for the quantities u e

The transformation (2-2-1) relates to a quite general class of
functions ®,,(x) and requires only that a reasonable number of

quantities &, (x)may easily be derived. Clearly it is a matter of
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gsreat assistance in the derivation of the quantities | B () if @, (x)
satisfies a linear differential equation of the form

L

Do (x) B (x) = fo (a) (2-4-1)

1=\
in which the polynomial p, (x) is of degree n* and f,(x) is a poly-
nomial of degree k. r-fold differentiation of equation (2-4-1) yields,
when r =k, a system of linear inhomogeneous recursions between
the quantities @, (x), whilst if r > k and max (n* —n) =h a
system of linear homogeneous recursions between the quantities

1 (x) , of order t - h, is established. The recursions for the
quantities lll;w follow from use of the formula

(I)gs) (:L‘) — S! xS llif) S =— Oy 1: coe (2"4"2)

The quantities uy m=1,2,.. are of course constructed by

uuse of the recursion

ufﬁ) S— uﬁ,‘;z.;i — cm,__,lxm*-—l m—=—1, 2, ces (2-1-3)

Use of (2-2-7) then enables the whole of the u-- array to be
constructed.

It 1s also a consequence of equation (2-4-1) that the quantities

S . . . .
iy m=1, 2, .. should satisfy a system of linear recursions in s,

which may be used if desired as a check. For substituting

m-—{

Do@) = ¥, €t + 2nD,(2) (2-4-4)
§=10 '
in (2-4-1), there follows
l
Drh @] 2@ | ()= anf @) (2-4-5)

==}

where the polynomial f,,(x) is also of degree k. By use of Liebnitz’
theorem equation (2-4-5) may be written

m (X)) = xtf,,(x) (2-4-6)

where

- i=l—n

m n+j o g .. | -
Pn (x) = Z ( ; ) Prtj @xt—m@m —1) ...(m —j -+ 1) (2-4-7)

J==0
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A system of recursions for the quantities u m may now be built

up as in the case of the quantities uy’ .
Example :

An example which illustrates the preceding theory and which
will be invoked in later sections, is provided by the series

O, () = Fo(t1505 -1 0p3 015025 ++5 0g 3T) (2-4-8)
Here
FNCRDINCIUDRIN NCILD, Fe) T(py)-.-. (e )-Jt y
’ XA T'(();*-S) F((: +5) F(d-)f‘(ol ) l"(o(r)
(2.4.9)

ol F (s, 00ts,. LRSS TALT. LW R 25 %) 5=0,4,..k

where
k = max(q, p— 1)

the fundamental series satisfies the differential equation

| 80+0i—1) . B+ D—2B®Far) ... Bt-ay) L y=0  (2-4-10)

d

Whel'e 8 — L —
dx

from which a recursion system, involving the further functions

i, may be constructed.

Furthermore

u“)(x)a (s mes)T (R gdmes)....[(Rptms C(p)T(pp)....T(PL) <"
F(€4+m+s)f‘(e.+m+s) P(e +mas) () (R)-. () [ (m+4+ D

P" 1‘4(ol+m+s) *«I-hl#s, A +m+s sd,@,ivm.s,&m-l-s,...,ﬁ-&m-rs, me+s+i; x)

m:‘t,z’-"v ) 3= 0’4,....) k+4 (2.44")
and the series ®,,(x) satisfies the differential equation

(8(0+01—1) 40— .3+, —D+m)—xB+a)®+ay).--

®+0,)3+1) { y =0 | (2-4-12)

from which a further recursion system involving the quantities
uy, s =k + 2, k 4 3, ... may be constructed.

The recursion system between the functions uly m=20,1,..1s
simply ;
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w =i,

u® e u® _ S&A). @tm) g ()., x Lt 1), @ m) ™

) Pa (’4*“ . "’"')f._((;”)-- ('-'1 (e1+ ..(wu-m (m+4
muo,,.... (2.4.43)

Remark :

It will be observed in the previous example that the recursion

for uf) m — 1, 2, ... is in general slightly more complicated than

that for ug’ . If, however, some q, in (2-4-8) is unity (this is the
case for example when the fundamental series is an Incomplete

Beta Function, or an Incomplete Gamma Function with ascending

or descending powers of the argument), the recursion for u

is obtained from that for u .’ merely by adding m to all the

remaining parameters q, and o,.

Summation Checks :

The formation of the quantities uiyy) may be checked by use
of the results

(2-4-14)
or
n o0
Z (—1)" um = Z Cmtn+s+1 (—1)7 (n: s) xmAnEetl e
s=( §=()
(2-4-15)

or, if the quantities u ') decrease in magnitude with sufficient
rapidity

— ¢, o™ (2-4-16)

Two further checks, based on relation (2-2-7) are

»
(s) (3) (s-4)
uh:‘ — u'lm;r. — E:‘ uﬁn-&-l! 2 | Pt",z,...
S (aeh) 1 " h
and: 80 (sep-d) (s+h) _
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9_5. Recursions for the quantities A®v,,

If the quantities vy, satisfy a linear recursion of the form

Z Br(n)vn+r = () n=—2~0, 1, ... (2-5-1)
r=U

where 8,.(n) r = 0, 1, ..., k is a polynomial in n of degree r, a number
of further recursion systems may be derived.

Using the result that

[ =8

S
Asp(n)q(n) = Z (t > Atp(n)As—tq(n - 1) (2-5-2)
t=o0
it follows, by applying the operator A¢ to equation (2-5-1), that
f=3s
Z Z < ) Atv, . A*—d(n + 1) =0 (2-5-3)

r—=y t==U

which involves, and may be used to check the formation of, the
block of differences AU, .,» A¥W0p iy, .., A0, r= 0,1, .., k.

A recursion formula involving a vertical line of differences,
which is perhaps easier to apply, may be derived as follows. Suppose

that max(F = F, so that As—ivﬂ.}_,. is the lowest order difference

in the double sum (2-5-3) without a zero coefficient. Then, by use
of the result

s-F+t’ J
A Vv — .
(2.5.3) becomes:
k bUaF
2. 2 S_
re¢ Yx0 S~7T +
k VF

=0 b’l o

=0

a recursion involving the line of differences A*—"Vy ., r = 0, 1,
A further recursion which relates to a diagonal line of diffe-

rences, A, | = s — o, s—o 4+ 1,
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may also be derived from equation (2-5-3). Using the relation

AtUﬂ-{—r —— Z <{> At‘}‘il)n (2-5'—6)

==t

the recursion (2-5-3) becomes

t ==

R t=s
2 2 < { > A3 (n + 1) . & )A“ﬂv = 0 (2-5-7)

=) | =— ) ] == {)

which again may be used to check the formation of the quantities
Asv,, .., or to provide a method for prolonging the computartion
of the quantities Asv,, alternative to differencing the quantrtleS D,

In the following sections a number of examples will be gwen
which indicate how the Euler-Gudermann transformation copes with
the different types of slow convergence described in the intro-
duction.

3. The Case in which the Fundamental Series is a Hypergeometric
Series. |

3-1. The series now being considered are of the form

ab ata-+1)b(b+1) -
O(x) ~ v, + rv, + ——mm——————— %0, + ... (3-1-1)
1!c 2'c(c+1)
where the fundamental series
ab ala+1)b(b-+1)
Q,(x) =1+ r4p—— x4 ... (3-1-2)
1!c 2'c(c+1)

satisfies the differential equation

x(1l — x)y” 4 { c—(a-+ b4+ Dx } y —aby =0 (3-1-3)
Thus '
() (1) ab ,
U, == :ZEF].(a;b;C;x) s Up —— :L';;F;l(a '*I—- l,b -—l-— 1 ,C + 1 ;Zlf)" (3-1*4)

and furthermore

) {(M b+ e u - [c+s (a.+B+2s+1)x](5+4) L)

(A-x)(s+2)(s+4) (3.1.5)
$s=0,4,...
The recursion belween the dquantities w(:) m=0,4,... Is:
Q, (o) (o) (o) .
v 3 """4 W == L =
A * T Tt mtt (m-vd)!c(cd)....(c-l-m)

M ::.,0’.,4 ’ .o,
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[(oa+m) [ (b+m) () F (aam,84+m,4; com dem, x)

r(m-H)r'(L-i-m) F(v) 32 (3.4.7)
.sat'is‘ics
x(41- x)y’i {(a.+b+2h1+ 4)::"'6‘“2"\*-2} xy ’"
[{ (CH' M% +m +2)- z}:x.-- (m+c) (m’l)] y @,-H,.) (B*"‘).Y'
(3.41.8)

upon which may be based The recursion:

(s+s) (x-A) [5(4 - 239)~ {(a+b+2m+L)x~2m= 2 } 2 us™?

(s+3)

(a+m+2)(5+m+2)-2}x- (merc)(med)+512(a+b+2med)x- c-2m-s-3} 2l (s4)
(s+3)(s+2)
a+m)(b+m)+s{(a.+m+2)a‘m+z)_2+ G-1)a+b+2mea)} 22 (s)
B (s +3)(s+2)(s+1)
(3.4.9)
Note that when

(I)o(x) — 2F'1(1,b;c;x) (3-1-10)

the simpler recursion system

9oy ffeon-) L S L R ] (5.1.4)

u(mg__ bem+s) X W (s)- ¢+M+S“(L“""+25+2)3‘} o (3.1.42)

) (4-2%)(s+2)
oblains (nole the Remark B § 2.4)

3-2. The Generalised Euler Transformation.

Since '
(14 x)—1 =,.F1,1;1; — x) (3-2-1)
the generalised Euler transformation is subsumed within those
being considered in this section. In the event, however, the recur-
sion systems relating to this transformation are far simpler.

(8]

The general term u,, may be written in the simple closed form

U = (— x)m+e(1 ~+ x) 1 (3-2-2)
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which leads to the trivial recursions
— X

uSt! — ;) m, s=0, 1, ... (3-2-3)
1 +x
and
uﬁ,ﬁ)“ = — zuf) m, s=20, 1, ... (3-2-4)

3-3. The Logarithmic Series.

Particular interest also attaches to the series (3-1-1) when
a—=>b=1, c=2 and x is replaced by — x. Equations (3-1-4) then

become

uy) — r—log(l 4+ x), uy’ = (1 4+ x)—! — 2xr—1log(l + x) (3-3-1)

and the recursion (3-1-5) becomes

— {542+ (2s + 3).:1:} g+ (s+1) 2z ud

LIL;S+2) — e — — s =0,1, ...
(1 + x)(s + 2)
(3-3-2)
Furthermore
O . (0) (=)™ o '
Up4+l =—= Uy — ——————— m=—20,1, ... (3-3-3)
(m -+ 1)

and the recursion system for the u's becomes _
18+2) % m-—+ s+ 24+ (2s +m 4-3)x } ulth 4 (m+s+1) x ut)
Uy e - -

A4+ 2)
(3-3-4)

3-4. Mestel’s Integral.

An opportunity for contrasting the numerical performances of
the two transformation just described, is provided by the evaluation
of the integral

o f2dt
4(hnl/2)—1GA) = ——
0 (1 + et2/))

~ X s+ DvA— ) (3-4-1)

S==() _
which occurs in the theory of the conductivity of dense stars [6].
Two obvious substitutions which can be made to transform the

series (3-4-1) are
v, = (n -+ 1)—3/2 (3-4-2)
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corresponding to the generalised Euler transformation, and
D, = (n + 1)—1/2 (3~4-3)

corresponding to the fundamental series of (3-3-1). The O-arrays
for these two transformations when A = 10 are displayed in Tables
I and II. Since a more accurate value of (5IT(3/2))—1((10) is 0.3285
it will be seen that the latter transformation provides, in this case,
the better result. (For the sake of completeness it is remarked that

Mestel was primarily Interested, not in the integral G(1), but in
the ratio FQ1) /G(A) where

At/ &

D (sE1)=52(— ) (3-4-4)

4 s=0

F(h) = f t2log(1l -} Ae—**)dt ~
0

F(\) may also be evaluated by recourse to the two transformations
described. For this integral the fundamental series

T x2 (— 1)r

P, (x) =1——— _— e+ ——xr ... (3-4-5)
1.2 2.3 r(r 4+ 1)

= 2 — axlog(1l 4 x) — log(1 4 x)

may also be used. It is not subsumed within those hitherto consi-

)

. . . . |8 .
dered in this section; the functions U, are given by

\f:).-;.- 4~ Log(4+32)~ o’ (3.4.6)

® __1___{_)5_+
Uy =~

(1) (3.4.7)
2w
442 ¢

+2 .
(s+3) {(21+4)5+ 41‘!'3} u(: -)4.1(54.4) u(:“) - (3.4.8)

“ (s+3)(4+x)
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4. The Case in which the Fundamental Series is a Bessel Type Series.

4-1. The series now being considered are of the form

X x?
O(x) ~ v, + - v, + ———— Vs + ... (4-1-1)
1'c 2!c(c41)
where the fundamental series
X X2
P, (x) =1 -+ 4 — .. (4-1-2)
1lc 2'c(c+1)
e OFI(C; x)
satisfies the differential equation
xyilmcyfm_y — 0 (4“1“3)
Thus
X
u — F,(c; ) u — — Fy(c + 1; ) (4-1-4)
C
and thereafter
, X (s—c)
ety — g gt (4-1-5)
(s+2)(s+1) (s42)
The recursion between the quantities uﬁ,‘,{’ m=—20, 1, ... 1s
n xm—]—l
u(io' = ug))--l, u%’+2m uﬂﬂ -—-— e  m=0,1,...
(m+41)!c¢(c+1) ... (c+m)
(4-1-6)
In this case
| I'(c)
¢,zx)=—---- F(1;¢c+m,1 4+ m; x (4-1-7)

I'im—+-1) I'(c-+m)
and satisfies the differential equation
2y +(c+2m—+2)xy” -+ { (m—+4-c¢)(m—+1) — x } y —y =0 (4-1-8)

which leads to the recursion system

uf::'si A (¢+2m+5+4)5+(m+c)(m+4)-x u'(an)
. (s+3)(s+2) ~
" 342) (4.1.9)
_c+2m+2s+2 B4 ot

(s+3) ™
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4-2. Example :

A simple example of the application of the transformations of
this section is provided by the transformation of the series

O

. (z/2)2¢

I,(2) = — (4-2-1)
8§ =) (S ')2
using as the fundamental series the expansion
z—1sinh(z) =1 + 1 (= +________..}.........___._. z 2—}-
3 11 \4 S 9 21\4 (4-2-2)
2

9 9

This corresponds to the substitution

) ()
b, — >/ N T oho,1,.. (4-2-3)

The recursion system between the quantities v, 1s

v, — 1

2r + 1
- _

N ) r=1, 2, ... (4-2-4)

Urm

whilst that between the functions uff,), 1S

O ik () x=2Z (4.2.5)
= { X covh(x) — Aink (3‘)}/(2::) (4.2.6)

xu'(:) - (s___ %) u,(:“) }/(s-rt) S=Qd... (4 L2 . 7)
w4

‘:o"}u. (4 » 2 . 3)

(m+4)! $%-- (uw!-ti)

The ©@-array for this example, when z = 16, is displayed in Table
IIT. It will be recalled that I,(8) == 428.
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m o\ S 0 1 2 3
0 0
186
1 1 512
279 358
2 17 454 425
344 406
3 81 - 436
388
4 195
Table III

5. The Case in which the Fundamental Series is a Confluent Hyper-
geometric Series.

5-1. The series now being considered are of the form

ar a(a-}1)x2
O) =, + D, + —— Dy -+ .. (5-1-1)
1lc 2! ¢ (c+41)
where the fundamental series
a a(a-+1)ax2
O,(x) =1 - x4+ — (5-1-2)
1lc 2! ¢ (c+1)
satisfies the differential equation
xy” + (c—a)y —ay =0 (5-1-3)
Thus - - o
(0) (1) ar
u, = Fi(a;c;x) , Uy =— Fila+ 1;c 4+ 1;2) (5-1-4)
| C | '-
and furthermore
s ™ = {(at+-9)x 1) — (e4s—a)(s+1) e /(s 1)(s+2)  (5-1-5)

s=—0,1, ...

The recursion between the quantities u$ m = 0, 1, ... is
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1
©_ @ _ @ a@+).. (a+m)x™ . ;

ln this case:

@h(x) = ) M (a+m F (a+m,4; o+m;4+m;x) (5.1 .7).

P(m+4)T (ctm)l (o) te
and salisfies :

:c,’:j'."-{-(c, +2m+ 2-x) xy ”+ {(m+4)(l31+¢)~ (a.+m+2)x}J'
--(a.-l-m)j =0

(5.41.8)

giving rise to the recursion

o  s(asmes+d)tatm o B sc+2m +5+4-220+(ms DM+ )-(a+m+2)x L)

W= (s+3)(s+2)(34+4) " (s+3)(s+2) o
_ ctdm+28+2-X u_("") (5.14.9)
(s+3) m
Note that when
(I)o(x) — 1F1(1;C;:U) (5-1-10)
the simpler recursion system
~A)x"["(c) .
O _ (e+d-c-m)u” (etm-A)x (5.4.41)
($) (s+4)
u'(:tl__- xu: — (C".'M‘l's“)-)u-h }/(‘4.2) (5‘_4,42)
obtains.
5-2. The Exponential Series.
Since '
exp(x) =,F,(1;1;2) (5-2-1)

the transformation based upon the use of the exponential series as
fundamental series is subsumed within those considered in this
section. In the event, however, the recursion systems relating to this

transformation are far simpler.
In this special case

Uy = eip(x) _ (5-2-2)
's) X (s—1) - £ 9_3)
U, — — Up s —1, 2, (5-—-
S .
al,, = o — 2 —0,1,.. (524



m - 1;x) (5-2-5)
obtaining between the functions

and thus the recursion system
u) s

is+2 ' i 8 . tetitl 400 1 o ; - ©) f
Y = ' — (sm—x+D um | /(s+2) s=0,1,.. (5-2-6)

in agreement with (5-1-11).
Kummer’s Transformation

It

Na-+-r)I'(c)

[(c+r)IYa

- I'le—a—+-8)I'(c)
Aﬁv@ z= (— 1)% —
Ne+s)Ne—a)

(5-2-7)

then, as is easily verified

(5-2-8)

Thus Kummer's transformation
" Fylc —ase; — ) (5-2-9)

Fila;c;x) = e
ecial case of the Euler-Gudermann transformation in which
ponential series.
above transformat

n there follows

which will be of use later.

5-3. Wilson’s Integral.

A practical example of the ma ich th IX
being discussed in this section may be employed is provided by the
computation of the integral

r *e . —a? sec? @ | .
Fala,B) = - {@ sec3@e | cos(BsecO)dO (5-3-1)
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which has been investigated by Goodwin and Olver. Subsequently
integrals of the more general form

-2 sec? §

/2
F.(o,p) = [; sec”(e cos(fsec®)d® (5-3-2)

were studied and computed for extensive values of o and § by
Wilson [7]. Integrals of this form quite clearly satisfy partial
differential equations of the form

oF,, O°F,,

o(a2) op?

and occur in problems concerned with surface waves.

— 0 (5-3-3)

Expanding the term cos(fsec®) in powers of {3, and noting the
result

1 . %/2 ~a2sec’ §
— 5 e~ Ky(a?/2) = secPe d® (5-3-4)
= 0
it follows that
o ‘3214
Faawp) = 2, A, (o2) (5-3-5)
n=0 (211) !
where
1 d n-1 | a2
An(az) = — — ( ) e—a’/y Ko N (5-3-6)
2 d(a?) 2
For large values of n
A, (a2) ~const (—1)»n!lg—2n (5-3-7)

and hence it follows that the series (5-3-5) is ultimately convergent.
However, for large values of 32/02? the initial terms increase rapidly
in magnitude, and summation is accompanied by considerable
cancellation of figures. This is illustrated in Table IV which gives
certain of the terms in the series (5-3-5) when f§ = 1.7, o = 0.25.

Il n n

0 1.0758186 11  —73590.7192816 43  —0.0000098
1 239185633 12  +78957.0426119 44  +0.0000026
2

—+131.1074373 13 —68381.6903476 45 —0.0000007

—0.1239364
Table 1V
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As a first attempt to transform this series the substitution

B2n rn
A, (a2) = D, (5-3-8)
(2n)! n'!
1s made, where
32
— 4 (5-3-9)
o2 -

The fundamental series is thus exp(— ), and the recursion systems

)

prevailing between the functions u, have already been given.

The quantities v, are given by

o ’ ' _
rel (k) K (2) (5310
AT LK (L) oK, (£)} (5300

and, by manipulating the differential equation satisfied by K,(x)

2(n+o2)v,_4 2020, _o
v, =—— — — (5-3-12)
2n— 1 2n — 3

Yo

|l

|

K/

The ©-array for this choice of fundamental series is displayed in
Table V.

A somewhat more sensitive choice of fundamental series,
yielding better results, 1s obtained by writing

A,(0?) = (—a®)"n!/v, (5-3-13)

‘The fundamental series is then

DL(:)..-.:: 4:,‘ (.yl) _ 4 “%{4“ | ,. | - 743? ) “‘}

(5.3.44)
(see (5-2-10)), where

(5-3-15)

Numerical values of (5-3-14) may be extracted from [8].
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. (S) .
The subsequent functions U, are obtained irom

.3.48)

.3.19)

'3.20)

3.21)

.3.22)

The ©-array for this choice of fundamental series is displayed in
Table VI.

(The transformations illustrated here are useful but their effect
is not particulary striking. It is not difficult to choose a more
favorable example, but that given was drawn to the author’s
attention by Dr F. W. J. Olver as having arisen as a source of
difficulty in a practical computation and has therefore the merit ot
authenticity in contrast with a carefully contrived, totally convin-
cing but, in the light of subsequent application, misleading display.
The entries in Table IV were computed by Dr Olver and subse-
quently recomputed by the author.)

Moo
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6. The Case in which the Fundamental Series is a Certain Asymptotic
Series.

6-1. The series now being considered are of the form

abx a(a+1)b(b+1)
Uy + —
1! 2 !

O() =v, + 20, - ... (6-1-1)

where the fundamental series

abx a(a+1)b(b+1)

— =+ — @+ (612

Q,(x) =1+

satisfies the differential equation
z2y” + { (@4 b+ Dz —1 | ¥ + aby = 0 (6-1-3)

Thus

s — Fola,b:x) , ul)— abx.Fyla + 1,b 4+ 1;x) (6-1-4)

and furthermore

(“f).-x [ a+5+25+42x~ C“"’ s§a+B+52+a. “’] (6.1.6)

(s+2) (5+2)(s+1) s=0,4,..

The recursion belween Ghe quanfities ""f..)  meod... is:
. | <o> '

4y = YW, =

LL(O) @ a(a+t).. (a+m)5(5+4)m(5+m) m-'f
h:r (M +4)I

In this case -

ga-"' (b ! | | | &
4) X)“r(h+;;?‘(cs r‘;’;‘) Ny (a+m’5+m,’f;m+4;x) (64) B

and salisfies he eciuahcm

x3y:'/+ { (a+b+2m+4)x~ ’l} xy” [{(a+m+2)(5+m+2)-2}x~ m-—-'l]
+(a+m)(b+m)yno (6.1.9)

(6.1.7)
m=0,1,..

_____
---------

yl
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from which may be derived the recursion syshm:

(s+3) 4 [ (a+b+2m +3s+44)x -4 (o0
W, = X [**—-——*""“-(";';*3“3*—*“_——- U.,.
{(2a+25+4m +35+5)x- 4}+{(a+m+2)(k+m+2)-2 X-m-4 (M)
(s+3)(s+2)
a+m)(be+m) + 5 (a+m+2)L+m+2)—2+(s-4){a.+5+2m+s+2 Jx m]
+ ™
(s+3)(s+2)(s+4) ceod . (6.4.10)
Note that when 1
O, (x) = F(1,b;x) (6-1-11)
the simpler recursion system '
W) = =€ [{(L+m)x“ 4} x"r([v*'ﬂ)]  (6.1.12)
" r(b)
(+4)
L [{( b +m+2s+2)x-4} i (s+B+m):x. u“)] (6.4.13)
™ % s+2) '
oblains.

6-2. The Integral of Goodwin and Staton [9].

The preceding theory may be illustrated by the evaluation of
the integral

» —_—12
P e !

J 0 z + 1

(This may be shown [10] to be equal to o

<172 f e? dt — — Ei (27
2

<

22)

iy
.
tuf

The fundamental series is taken to be
JF(1,1:x) = — zevEi(— z) (6-2-2)

where f— 1 - (6-2-3)

-, x=(—2)  (6-2:D)
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The recursion system between these quantities is

1
D, = — yl/2
2
Ul ——— 1.0
2
Vs = D,, m=—20, 1, ... (6-2-5)
m - 2
The recursions among the functions uly are
u, =-ze Ei(-2) (6.2.6)
L. / |
b{":{u(zﬂ)e Eb("‘z)}z' (6.2.7)
. (s)
uM-_-;__)- _ j(Zs+m+3)x--'ltu(’.:"+§s+m+4)xu,.,, (6.2.8)
- (s+2)x
(o) (o) (o) (o) ™ _
“ =LL°-4, u'hu = um"mlc'x) m=0,4,... (6.2.9)
The ©-array for this example, when £ — — 0.5, is displayed in Table

VII. (The results along the line m = 0 have already been produced
by van Wijngaarden [11].)

6-3. Wilson’s Integral.

A second example is provided by the transformation of the asymp-
totic series for the integral (5-3-1). The series is derived by expan-

: —a2sec?h . : i :
ding the term e—%°S€c®0 4, ascending powers of o2 and noting the
result

2\ (7o
Y (B) = (‘:) [(; secO®cos(fsec®)dE (6-3-1)
there follows o
vi» - altn |
o) ~ 5 2 — Y,er+2(p) (6-3-2)
| | n=0 I |
Since
BYSTV (@) + (n+2) YO (8) 4+ 8 YU (B) 4 (nt-1) Y () — 0
_ o ‘ . (6-3-3)
it follows that for large 8 S
Y,™(B) ~ const(— 1)n(n — 1) 13— (6-3-4)

and further that the series (6-3-2) diverges.
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The transformation of the asymptotic series is based on relation
(6-3-4); the substitution

2
Y, +2 () = — (2r) If—2—2p, r=20,1,... (6-3-5)
JU

1s made and the quantities v, computed by means of (6-3-3).

The corresponding fundamental series is

The functions u( 5) m, —1, 2, ...
are computed by means of the recursions

(4)

() (o) (o) () 3 5
LL."” uh.b‘ﬂ-u "'"'2’2

The inifial valuc.s‘ far (6.3.3) are :

Y@=Y.@), e, X E-F1E-6x6)

The O-array for this example when a=10.2, § =1.0 are displayed
in Table VHI. \
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